Vacuum expectation value of the stress-energy-momentum tensor for scalar and spinor fields is obtainted on the homogeneous space with G-invariant metrics using the orbits of coadjoint representation of Lie group and the generalized harmonic analysis.
Introduction
Quantum effects in external gravitational fields are of interest of quantum field theory. The main object of researches in the field is the stress-energy-momentum tensor (SEMT), which is a source of gravity in Einstein's field equation. Vacuum expectation value of the SEMT gives a way to describe effects of quantum field on the space-time geometry in the framework of quantum field theory in the curved space-time [1, 2, 3] ).
In calculation of the vacuum expectations in the homogeneous and isotropic space the dimensional regularization [4] and point-splitting [5] regularization are used. Moreover, regularization can be carried out in the vacuum expectations directly (e.g. by the n -wave regularization [6] ).
Here, we obtain the vacuum expectations value of the SEMT of a scalar and spinor fields on the R 1 × P manifold, where P is the right homogeneous space with G-invariant metrics and zero defect. The problem is reduced to calculations on the group R 1 × G, where G is the transformations group of the homogeneous space. * Tomsk State University, Lenina 36, Tomsk 634050, Russia. E-mail: breev@mail.tsu.ru
The most of the general relativity models are related to various transformations groups and corresponding homogeneous spaces. The well knows examples of such manifolds are the De Sitter spaces [7, 8] .
In calculation of the SEMT vacuum expectations we use the method of orbits of coadjoint representation of Lie groups (the K-orbit method) [9, 10, 11, 12, 13] . The K-orbit method involves the noncommutative algebra of symmetry operators of the wave equation together with the well known method of separation of variables [14, 15] .
G-invariant metrics on homogeneous spaces
Let G be a real connected Lie group and L its Lie algebra. Let P be a right G-space, where G is a Lie transformation group of the homogeneous space P . The homogeneous space P can be then represented as manifold G/H, where H is stationary subgroup at a point y 0 ∈ P and h is the Lie algebra of the group H, L * is the dual space to L. The left and right invariant vector fields on the Lie group G are ξ X (x) = (L x ) * X, η X (x) = −(R x ) * X respectively. The linear space of smooth vector fields on the Lie group G is X (G), and linear space of smooth vector fields on the P is X (P ).
The principal bundle G(P, H, π) is correspondent to the homogeneous space P . Let's introduce the coordinates in the trivialization domain U × H of the fibered space G. We obtain the local splitting of the coordinates {x A } on the fibered manifold in the fiber h α and base y a coordinates, i.e. Let G be a nondegenerate quadratic form on Lie algebra L, which is the metrics on the Lie group G related to the unit element of G. With the right shifts, the right invariant metrics on the Lie group G is given by:
Then the corresponding metric tensor
where {e A } is a given basis of the algebra L and σ B (x) are components of a basis of right invariant 1-forms:
Consider G-invarint metric on the homogeneous space P corresponding to right invariant metrics on the Lie group G. Let the 1-form G satisfies the condition
Define a 1-form B on the Lie algebra L as
The G-invariant metrics on the homogeneous space P has the form
The Christoffel symbols related to the metrics (2) have the form
where Γ a bc is Γ
The correspondent the Riemann tensor on the homogeneous space P is:
2 Harmonic analysis on Lie groups and homogeneous spaces
We can set a function fromφ ∈ C ∞ (P ) into correspondence with any function ϕ ∈ C ∞ (G), but this correspondence holds only in a subspace F ⊂ C ∞ (G), which can be selected by a special condition. Define the space F as
Here F is a space of functions on G that are constant on the fibers of the bundle G(P, H, π).
The Lie group G acts on the dual spaces L * = T * e G by the coadjoint representation
G} is the orbit of the coadjoint representation of G passing through the linear functional λ ∈ L * , and ω λ is the Kirillov symplectic form
According to the Darboux theorem the local canonical coordinates (the Darboux coordinates) exist on the orbit O λ in which the 2-form ω λ is ω λ = dp a ∧ dq
Q of the variables q and the domain P of the variables p are a Lagrangian submanifolds of
. In other words, the Casimir functions are those from the center of C ∞ (L * ) viewed as the Lie algebra w.r.t. the Poisson bracket. The Casimir functions are locally invariant under the coadjoint representation,
The number ind L of independed Casimir functions is called the index of the Lie algebra L.
The action of adjoint representation of the Lie group defines a fibration of the dual space It is easy to see that the transition to the canonical Darboux coordinates f → (p, q) means to find a set of analytic functions of the variables (p, q) : f X = f X (q, p, λ), X ∈ L that satisfy the following conditions:
Let the transition to the canonical coordinates be linear on p, i.e.
The subalgebra n ⊂ L C , such that
is called polarization of the linear functional λ. Polarization is shown to exist for arbitrary Lie algebra and for any nondegenerate functional λ [18] .
Linear transition to the canonical coordinates (9) exists only when for a linear functional λ the polarization does exist.
Define the special infinite-dimensional irreducible representation of the Lie algebra L on the space of smooth functions L(Q, n, λ) which we call λ-representation. Operators of λ-representation l X (q, λ) are constructed as follows from the quantized canonical of transition
The scalar product on the manifold Q with the measure dµ(q) is given by
We introduce a "quantum shift" in the operators l as λ → λ + iβ, where
Then operators l X are anti-Hermitean with respect to the scalar product ().
Let T λ be the lift of the λ-representation to a local representation of the Lie group G:
where ϕ ∈ C ∞ (Q). The condition T λ (x 1 )T λ (x 2 ) = T λ (x 1 x 2 ) implies a relation for "matrix elements" of the representation T λ :
The generalized functions D λ′ (x) satisfy the overdetermined system of equations
System (14) is consistent but global solutions exist only for integer-valued orbits [11, 17] such that 1 2π
where ω λ is the Kirillov form on the K-orbit.
The distributions D λ′ (x) obey the completeness and orthogonality relations
GDλ qq
For any function φ(x) from the dense nuclear subspace
the direct and inverse Fourier transformation are
where dµ(λ) is the spectral measure of the Casimir operators K µ (η).
If a K-orbit O λ is nondegenerate then transformations (17)- (18) act on L 2 (G, dx).
Note that if the functions ϕ(x) and ψ(q, q ′ , λ) are connected by the transformations (17)- (18) then the same transformations connect the operators
For example, the differential operator acting in the space Q with a smaller number of independent variables corresponds to the Laplace operator on the Lie group (enveloping algebra element of the left-and right-invariant vector fields).
Define the functional subspaces
whereX are generators of a transformation group G acting on a homogeneous space P . In [16] it is shown that L (s) (P ) = ∅, s < s P and
where value s P is degeneracy degree of the homogeneous space P (see [16] );K
the (s P )-type Casimir functions, such asK
The λ-representation of the Lie algebra L corresponds to the homogeneous space if
For the s P -type λ-representation of the algebra L the set of generalized functions D λ′ (x) in the functional space L (s P ) obeys the completeness and orthogonality relations. The transformation (17)- (18) holds for homogeneous space P if
Every homogeneous space P is characterized by a number
which is called defect of P .
If d P = 0, then the algebra of invariant differential operators is commutative and the system (21) always has a solution. If d P > 0 then the algebra of invariant operators is noncommutative and the construction of harmonious analysis would demand introduction of special methods [16] .
Integration of the Klein-Gordon and Dirac equations
Consider the (n + 1)-dimensional manifold M n+1 = R 1 × P n where an element y ′ ∈ P is denoted by (y, t), y ∈ P, t ∈ R. Components of G-invariant metrics GÃB on the
.. = 0, 1, . . . , n. γ ab are components of G-invariant metric on the P n .
The Klein-Gordon equation with conformal connection ζ = (n − 1)/(4n) on the manifold M has the form
where
is the Laplace operator on the P ; R is the scalar curvature of the manifold M. The indefinite scalar product associated with Eq. (22) is
where ϕ 1 , ϕ 2 are two solutions of (22).
We now construct the basic of solutions ϕ σ (y, t) of Eq. (22) enumerated by the index σ and which are normalized with respect to the inner product (23). We seek solution of the form ϕ(y, t) = f (t)F (y). Substituting,
where Λ is a separation constant. For the function F (y), we have equation:
Using transformation (17), we reduce Eq. (25) to the equation on the K-orbit. In this case, the Laplace operator ∆ M is transformed into a constant H(λ). The functions
form a basic of solutions of Eq. (25). The function ψ(q ′ , λ) is a solution of Eq. (21) and satisfy the orthogonality condition
This relationship is the normalization condition of the function ψ Λ (q ′ , λ) and is the definion of the measure of the eigenvalues Λ.
Therefore, the basic of solutions for Eq. (22) has the form
where f Λ (t) is determined by (24), and F σ (y) is determined by (26).
In the general case, the Dirac equation on the Riemannian space for the particle with mass m and spinor Ψ(y) has the form
where 
The constant matrices γ 0 and γ a = η 
The normalization is taken in the form |f Λ (t)| 2 = 1. The equation for the spinor F (y) is
where s is a spin index. We seek for a solution of Eq. (33) in the form of Eq. (18) . Thus for the spinor ψ Λs (q, q ′ , λ) we have − D(l(q ′ , λ))ψ Λs (q, q ′ , λ) = Λ 2 ψ Λs (q, q ′ , λ).
The spinors
F σ (y) = ψ Λs (q ′ , λ)D
